We investigate the phenomenological aspects of non-perturbative baryon-and lepton-number-violating processes at hadron colliders. Such processes, induced by instanton/sphaleron configurations of the electroweak gauge fields, are believed to play a crucial role in the generation of baryon asymmetry in the early Universe at finite temperature. On the other hand, at colliders (that represent the zero-temperature high-energy regime) the rate and observability of such processes are still under debate. Motivated by current theoretical considerations, we construct a modern event generator within the general-purpose Herwig Monte Carlo framework, that aims to capture the most relevant features of the dominant processes. We perform a detailed phenomenological analysis focussing on the Large Hadron Collider, at 13 TeV proton-proton centre-of-mass energy, a potential highenergy upgrade at 27 TeV and the proposed Future Circular Collider (FCC-hh) at 100 TeV. We derive constraints on the expected rates for various parametrisations of our model. We find that all three colliders are capable of providing meaningful information on the nature of instanton/sphaleron-induced processes at various energy scales.
Introduction
Discerning the details of dynamics of baryon-number violation would be a crucial step towards an ab initio understanding of the observed baryon asymmetry of the Universe. In particular, a class of baryon-number-changing processes associated with electroweak theory has been long studied [1] . The computation of amplitudes for such transitions employs approximate classical solutions of the electroweak theory, known as instantons. At zero temperature, with zero energy, the amplitudes for such tunnelling processes can be estimated to be of order exp [−2π/α w ] ∼ O(10 −82 ), where α w ∼ 1/30 is the SU(2) coupling constant. Evidently this would have rendered the processes in question phenomenologically irrelevant and this article particularly short.
Nevertheless per aspera ad astra, 1 and a number of subsequent calculations (see e.g. [3] [4] [5] [6] [7] [8] ) have shown that the rate of instanton-induced processes exponentially grows with energy E, albeit in the limit E E 0 , where E 0 is the energy scale at which the instanton approximation itself breaks down. More specifically, E 0 is the height of the barrier that separates sectors of the electroweak vacuum, characterised by different values of the so-called Chern-Simons (or winding) number, N CS , as demonstrated schematically in Fig. 1 . Furthermore, there exist static solutions of the classical equations of motion that are unstable and sit on top of the barrier. These are the so-called "sphalerons". The existence of these solutions allows a transition from one EW vacuum to another dynamically, going over the barrier with energies larger than E 0 , as schematically illustrated in Fig. 1 . Unlike instantons, this E 0 < l a t e x i t s h a 1 _ b a s e 6 4 = " ( n u l l ) " > ( n u l l ) < / l a t e x i t > < l a t e x i t s h a 1 _ b a s e 6 4 = " ( n u l l ) " > ( n u l l ) < / l a t e x i t > < l a t e x i t s h a 1 _ b a s e 6 4 = " ( n u l l ) " > ( n u l l ) < / l a t e x i t > < l a t e x i t s h a 1 _ b a s e 6 4 = " ( n u l l ) " > ( n u l l ) < / l a t e x i t > Figure 1 . A schematic diagram of the degenerate Chern-Simons vacua, separated by a barrier of energy E 0 . The result of a sphaleron transition between two of these vacua is illustrated. type of Chern-Simons number changing processes is not quantum tunneling, and thus not necessarily exponentially suppressed.
There have been several attempts to estimate the rate of the instanton/sphaleroninduced EW vacuum transition processes in the high-energy regime (E E 0 ). For example, studies exploiting a semiclassical approximation concluded that the exponential suppression persists even at energy higher than 250 TeV [9] . As was pointed out in the seminal paper by Klinkhamer and Manton [10] , this may be due to a "few-to-many" suppression, which stems from a necessity, and difficulty, of assembling (highly-coherent and extended) instanton/sphaleron configurations from ordinary two particle states in the collision. 2 On the other hand, other estimations based on the optical theorem suggest that the EW vacuum transition rate may become unsuppressed at energies around or above 20 TeV [12, 13] . As pointed out in [14] , the aforementioned few-to-many suppression may not be present because emitting one virtual gauge boson contributes a factor g −1 to the amplitude in the instanton background, rather than g as in the perturbative vacuum, and many gauge bosons can relatively easily be produced and assembled into a coherent state. A more recent study pointed out that it may be important to take the periodicity of the EW potential (see Fig. 1 ) into account, since the vacuum transition rate can be enhanced due to the resonant tunneling effect. They have estimated the EW vacuum transition rate by analysing the band structure of the spectrum and concluded that the instanton/sphaleron processes may become observably large at energies around or above 9 TeV [14, 15] . Motivated by these encouraging estimates, several phenomenological studies on the zero-temperature instanton/sphaleron-induced processes have been carried out recently [16] [17] [18] [19] [20] [21] [22] [23] .
Although the potential for observing instanton/sphaleron-induced processes at colliders is not theoretically clear, one can instead turn to experiments to address the issue. Compared to the large uncertainty on the event rate, the signatures of such processes are relatively well understood. Due to the coupling of the fermions to the SU(2) gauge fields and the presence of the anomalous divergence of the axial-vector current, a change in N CS implies a change in baryon (B) and lepton (L) numbers ∆L e = ∆L µ = ∆L τ = 1 3 ∆B = ∆N CS as in Fig. 2 . The enhancement is expected to occur when the process involves a large t  e  x  i  t  s  h  a  1  _  b  a  s  e  6  4  =  "  Hm  p  B  w  Z  T  V  Z  z  Q  +  L  X  m  w  M  E  W  L  f  T  2  I0  =  "  >  A  A  A  B  6  X  i  c  b  V  B  N  S  8  N  A  E  J  3  U  r  1/h  6  9  L  B  b  B  U  0  m  0  o  M  e  i  F  4  9  V  7  A  e  0  o  W  y  2  k  3  b  p  Z  h  N  2  N  0  I  J  /  Q  d  e  P  C  j  i  1  X  /  k  z  X  /  j  t  s  1  B  W  x  8  M  P  N  6  b  Y  W  Z  e  k  A  i  u  j  e  t  +  O  4  W  1  9  Y  3  N  r  e  J  2  a  W  d  3  b  /  +  g  f  H  j  U  0  n  GG  D  Z  Z  L  G  L  V  C  a  h  G  w  S  U  2  D  T  c  C  O  4  l  C  G  g  U  C  2  8  H  4  d  u  a  3  n  1  B  p  H  s  t  H  M  0  n  Q  j  +  h  Q  8  p  A  z  az  0  0  M  v  6  5  Y  p  b  d  e  c  g8  T  L  S  Q  V  y  N  P  r  l  r  9  4  g  Z  m  m  E  0  j  B  B  t  e  5  6  b  m  L  8  j  C  r  D  m  c  B  pZ  dT  C  g  b  0  y  F  2  L  Z  U  0  Q  u  1  n  8  0  u  n  5  M  wA  x  L  G  y  p  Y  0  Z  K  7  +  n  s  h  o  p  P  U  k  C  m  x  n  R  M  1  I  L  3  s  z  8  T  +  v  m  5  r  w  2  s  +  4  T  F  K  D  k  i  0  W  h  a  k  g  J  i  a  z  t  8  m  A  K  2  R  G  T  C  y  h  T  H  F  7  K  2  E  ji  g  z  N  p  y  S  D  c  F  b  f  n  m  V  t  C  63  m  X  V  v  a  9  V  6  j  d  5  H  E  U  4  g  V  M  4  B  w  +  u  o  A  5  3  0  I  A  m  M  A  j  h  G  V  7  h  z  R  k  7  L  8  6  7  8  7  F  o  L  T  j  5  z  D  H  8  g  f  P  5  A  5  w  u  j  W  c  =  <  /  l  a  t  e  x  i number (∼ 1/α w ) of gauge and/or Higgs bosons. 3 The basic process would involve 12 lefthanded fermions: 3 quarks for each generation and one lepton for each generation (Fig. 2 ). Hence, processes that could be observable at hadron colliders, schematically, would be of the form:
where q,q,¯ denote a quarks, anti-quarks and anti-leptons, respectively, and n B is the total number of gauge and Higgs bosons. The charge structure of this process is explained in detail in the next section. From here on, we will refer to such processes as being "sphaleron" induced, emphasising the phenomenological nature of our analysis. We consider various parametrisations of the distributions of gauge bosons. We note, however, that we neglect the helicity of the produced fermions in our Monte Carlo (MC) simulation. We expect this to have a negligible effect on angular distributions that would be washed out by hadronization and other effects. 4
The paper is organised as follows: we describe the MC simulation of sphaleron-induced processes in section 2. There, we also present a discussion of the uncertainties present in our parametrisation. In section 3 we present a study of the phenomenology of the processes at hadron colliders such as the CERN LHC at centre-of-mass energy of 13 TeV, a potential future upgrade to 27 TeV and a potential Future Circular Collider colliding protons at 100 TeV. … Figure 3 . A schematic diagram of a 2 → n processes that can be simulated via the "blob" matrix elements within the Herwig general-purpose event generator.
Monte Carlo simulations of sphaleron-induced processes
We begin by describing the details of the MC event generator for sphaleron-induced processes that we have built, including the flavour structure, colour factors and the generation of the phase space. We also discuss the cross section in the context of unitarity and the parametrisation of the distribution of the number of gauge bosons.
Process generation
To facilitate the generation of 2 → n processes in all generality, we have constructed customised infrastructure within the general-purpose Herwig Monte Carlo event generator [25] [26] [27] [28] [29] [30] . This allows for the generation of "blob" matrix elements (MEs) through the definition of any 2 → n process that can be viewed as a contact interaction. 5 An example of such a process is shown in Fig. 3 . We note that Herwig possesses the necessary infrastructure to handle the SU(3) colour source and sinks that appear in the B-violating processes [39] . We defer the description of the technical details to a future release note of
Herwig.
For the simulation of sphaleron-induced processes, we only include the dominantinitial state given by Eq. (1.1), where two valence quarks collide. The conjugate process is suppressed in the pp collider due to a small ratio of the luminosity functions between valence-quark (qq) and sea-quark (qq) initial states at √ŝ O(10) TeV. We take the initialstate partons to consist only of the light quarks u and d and we allow all quark generations in the produced final states, including the top and bottom quarks. The quark and lepton content of the process can be thought of as originating in a class of operators of the form
where Q and L are the left-handed quark and lepton doublets, respectively. The anomaly argument suggests that all the degrees of freedom that are orthogonal to the SU(2) L gauge group, i.e. colour and flavour, must appear at least and only once. With this condition, the colour indices of the quark fields must be constructed properly, making three "baryonic"
(anti-symmetric) colour singlet combinations (QQQ). Furthermore, the SU(2) L indices of all quarks and leptons must be constructed in such a way that the operator is a SU(2) L singlet. In terms of the left-handed doublet components, i.e. (u, d) L and ( , ν) L , this condition is equivalent to requiring the net electro-magnetic charge of the above operators is zero. 6 In the hard process we generate colour flows compatible with this pattern on an equally likely, random basis. 7
To be concrete, e.g. the combination (uct)(dsb)(uct)eµτ would form an allowed operator, but the combinations (udt)(csb)(uct)eµν τ , (uut)(dsb)(uct)eµν τ or (uct)(dsb)(uct)eeν τ would not be allowed, each violating one of the aforementioned conditions. In the event generation, we take into account all the possible allowed permutations of the quark flavours within the operator, that would lead to identical flavour content in the final state, by multiplying by an appropriate combinatorial "colour" factor. In other words, e.g. the final state ud →ctdsbūcte + µ +ν τ appears only once in the Herwig process generation, with its weight multiplied by the appropriate combinatorial colour factor. Explicitly, e.g. in the case of the ud →ctdsbūcte + µ +ν τ process, this factor is given by [ 
, where the first factor takes into account that two of the first generation quarks have to be chosen to form the initial state and there is a factor of (3!/2!) for each of the generations. At the stage of MC event generation, the colour configuration which determines which combinations of quarks form the colour singlets is chosen uniformly at random from the allowed ones.
Phase space generation and integration
Due to the lack of a detailed calculation describing the non-perturbative sphaleron-induced processes differentially, we distribute the particles uniformly in the available phase space. Two methods are particularly suited to the sampling of "flat" phase space at high multiplicities: the RAMBO [40] algorithm as described in [41] , and the MAMBO algorithm according to [42] . The former was found to be inefficient for large numbers of massive particles, 8 and therefore for all the phenomenological studies of the present article we have employed the MAMBO algorithm. Given the structure of the cross section, a detailed adaptive Monte Carlo integration is not required and we choose to predetermine a constant cross section value to select processes of equal final-state multiplicity. This further speeds up the phase space generation and integration. A sequence of different phase space generators might be considered in the future in order to attach definitive decays, or initial state splittings attached to the "blob" matrix element's legs.
Leading-order matrix element, unitarity and boson distribution
Our estimation for the boson multiplicity is based on the cross section formula from the leading-order matrix element (LOME) approach [3, 4, 43] ,
wheren B is the number of electroweak (EW) gauge bosons (W , Z, γ),n H is the number of Higgs bosons in the final state. Also, n B ≡n B +n H , n = n B + 10 is the total number of final state particles, v represents the VEV of the Higgs field, G ≡ 1.6 · 10 −101 GeV −14 is an effective coupling constant, and C is some unknown constant.
While the above expression gives the cross section as a function of √ŝ and the multiplicity of bosons, there are several issues. Firstly, this formula is only valid in a low energy regime,
In fact, the cross section grows exponentially in this regime and eventually exceeds the s-wave unitarity bound 9
for √ŝ M 0 . This motivates the phenomenological parametrisation of the sphaleron cross section:σ
5)
where Θ(x) is the Heaviside step function. The (B + L)-violating partonic cross section is parametrised by two unknown parameters, p sph and E thr . The former is a dimensionless coefficient, which controls the overall size of the cross section. The latter represents the threshold energy where the partonic cross section is turned on, i.e. this is the scale at which the exponential suppression in the instanton formula is overcome by the exponential growth of cross section with the energy. Our cross section formula Eq. (2.4) always respects the s-wave unitarity bound, as illustrated in Fig. 4 . This is in contrast to the previous phenomenological studies, e.g. [16, 17, 22, 44] , where only an equation of the form of Eq. (2.5) was used on its own to describe the partonic cross section. 
Parametrisation of boson distributions
Our estimation of the boson multiplicity distributions is based on the LOME formula given by Eq. (2.3) . This formula predicts the total number of bosons to be n B
on average [45] . As was done in [45, 46] , we fit the boson distributions generated from Eq. (2.3) with the Gaussian: 10
where n B is the total boson multiplicity (i.e. W , Z, γ and Higgs bosons) and a and b are functions ofŝ in terms of some reference scale µ 2 . We note that for the the fitted parameter values that were given in Ref. [45] , b becomes negative at √ŝ 57 TeV. Therefore, if those values are used, an absolute technical cut-off should be imposed at √ŝ 50 TeV. However, we have performed an independent fit of the three curves at √ŝ = 16, 17, 18 TeV, appearing in Fig. 2 of Ref. [46] , obtaining the values:
(2.7)
We use the above values in the phenomenological studies that involve a variable number of bosons. We note that sphaleron-induced final states are dominated by EW gauge boson production, and in all the studies of the present article we have set the number of Higgs bosons produced to zero [47] . As mentioned above, the LOME formula we rely on is valid only for √ŝ M 0 ∼ 18 TeV. Around and beyond this energy, no reliable theoretical estimation for the boson 10 We note that the sign of the exponent in Eq. (17) of [47] should be (n − a) instead of (n + a). multiplicity is known. To obtain a phenomenological treatment of this uncertainty, we introduce an energy scale E freeze that acts as a transition point. That is, beyond E freeze > M 0 , the a and b are fixed to their values at √ŝ = E freeze . Since the boson multiplicity monotonically grows with √ŝ in the LOME formula, this effectively introduces an upper bound to the total number of bosons that can be produced.
To see the effect of varying E freeze , we show in Fig. 5 normalised distributions of the number of W bosons (left) and all bosons (right) for √ s = 27 TeV, E thr = 12 TeV with three different values of E freeze : E freeze = 15 TeV (red-solid), 20 TeV (blue-dashed) and 25 TeV (green-solid). One can see that the tail of the distributions become more suppressed as E freeze becomes smaller. This is because the LOME formula predicts larger multiplicities for larger √ŝ but the boson multiplicity distribution is frozen for √ŝ > E freeze at E freeze . This effect is more visible for E freeze ∼ E thr (red vs green histograms). For E freeze E thr , the effect of E freeze is very small because the partonic collisions are dominated by √ŝ ∼ E thr due to suppression of the parton density functions (PDF) (green vs blue histograms). 11 
Multi-boson Band L-conserving processes
To investigate the potential for observability of baryon-and lepton-number-violating processes at colliders, we must consider the relevant backgrounds that do not exhibit this property. Since sphaleron-induced processes are expected to contain a large number of bosons n B 1/α w ∼ 30, they will subsequently decay to large numbers of jets -see the quantitative analysis of the next section. This implies that any Standard Model cross sections of perturbative background processes will be extremely small. However, it is expected that if the "signal" sphaleron-induced processes exist, there would also be accompanied with Band L-conserving non-perturbative multi-boson processes with a similarly-large number of bosons [47] . The behaviour of such "multi-boson" processes is as uncertain as those of the sphaleron signal, but may occur at a similar rate.
We have also constructed a MC simulation of the multi-boson processes which behaves in an identical manner to that of sphaleron-induced processes in all aspects, apart from the quark "content" of the participating sub-processes. In this case, these are simply 2 → 2 scatterings, where we only allow u and d quarks in the initial state as in the sphaleron case. Since multi-boson processes are B-and L-conserving, this implies that only the same u and d quarks appear in the final state. The number of colour configurations is accounted for as in the sphaleron case, i.e. by multiplying the event weight by an appropriate factor and then sampling uniformly at random. We do not investigate these processes as backgrounds in the phenomenological analysis that follows, but future studies should re-asses the results of Ref. [47] which has considered discrimination between the B-and L-violating and conserving processes. These processes are available in our MC event generator [49] .
Phenomenology at hadron colliders
In this section we examine the experimental signatures of sphaleron-induced processes. In order to take into account the detector effects the generated hadronic event samples are passed to Delphes [50, 51] . Jets are reconstructed with the anti-k T algorithm [52] with distance parameter R = 0.4 via the FastJet package [53] . Leptons (e ± and µ ± ) and photons are required to be sufficiently isolated from other energetic particles around them. We calculate the scalar sum, P, of the transverse momenta, p T , of the neighbouring particles within ∆R = ∆η 2 + ∆φ 2 < r max , and demand P/p i T < I max for isolation, where p i T is the magnitude of transverse momentum of the lepton or photon to be isolated. We take r max = 0.3 for electrons and photons and 0.4 for muons. I max is taken to be 0.10, 0.12 and 0.15 for electrons, photons and muons, respectively. Finally, we require all objects (jets, leptons and photons) to have p T > 30 GeV and pseudo-rapidity |η| < 5 (jets), < 2.4 (muons) and < 2.5 (electrons and photons).
Reconstructed distributions
In this subsection we study the impact of some parameters that are present in our phenomenological model, such as √ s and E thr , on several multiplicity and kinematic distributions. We start by showing in Fig. 6 The inclusive multiplicity, denoted as N (p T > 100), is defined as the number of reconstructed objects (jets, leptons and photons satisfying the isolation criteria) with p T > 100 GeV. These high-p T objects may originate either from direct anti-quark plus anti-lepton production in the hard interaction through the operator in Eq. (2.1), or from secondary The right-hand-side plots of Fig. 6 show the transverse momentum of the hardest jet, p j1 T . We expect that the hardest jet is likely to originate from one of the anti-quarks produced in the primary interaction, through the operator in Eq. (2.1). At the 13 TeV LHC (top-right), the distribution peaks around p j1 T ∼ 700 GeV and the dependence of E thr is rather modest in the range we examined, E thr ∈ (8 − 11) TeV. Additionally, these distributions are somewhat narrow and confined below p j1 T ∼ 1.5 TeV. Contrary to them, the distributions for the 27 TeV (middle-right) and 100 TeV (bottom-right) colliders are more dependent on E thr in the range we considered, E thr ∈ (9−18) TeV. The peak position varies from p j1 T ∼ 800 GeV to p j1 T ∼ 1.5 TeV when E thr is changed from 9 to 18 TeV. We also note that the p j1 T distributions become broader for larger E thr , as well as for larger collider energies. This is due to the fact that the phase-space volume is bigger for larger E thr and therefore it is easier for the hardest jet to attain a higher transverse momentum. At higher collider energies, the distributions become broader because the PDF suppression becomes milder at higher partonic collision energies.
So far we have generated the boson multiplicity according to the LOME formula. To see the effect of the boson multiplicity on the jet transverse momentum and the number of high-p T objects, we look at these distributions with a fixed boson multiplicity, n B . In Fig. 7 , we show the distributions of N (p T > 100) (left) and of the hardest jet p T for a fixed number of total EW gauge bosons. For the 13 TeV LHC (top panels), we show histograms for n B = 40 (red-solid), 50 (pink-dashed) and 60 (blue-solid). For 27 TeV (middle) and 100 TeV (bottom) colliders, in addition to those, the case n B = 70 (cyan-dashed) is shown. We take E thr = 9, 14 TeV and 22 TeV for √ s = 13, 27 and 100 TeV, respectively.
In the right-hand plots of Fig. 7 we see that the number of high-p T reconstructed objects with p T > 100 GeV has a mild dependence on n B , though one can observe that N (p T > 100) increases with n B . This is expected because the EW gauge bosons decay into jets and leptons and as long as they are isolated and have p T > 100 GeV, they contribute to N (p T > 100). On the other hand, N (p T > 100) rather strongly depends on the collider energy and E thr . The peak of the N (p T > 100) distribution sits around 16, 20 and 22 objects for ( √ s, E thr ) = (13, 9) , (27, 14) , (100, 22) TeV, respectively. We also note that the distributions are broader for larger √ s and E thr , as we have seen in Fig. 6 .
The right-hand-side plots Fig. 7 show the distribution of the hardest jet transverse momentum, p j1 T . Just as for N (p T > 100), its dependence on n B is mild. There is a tendency for the p j1 T to become softer for larger n B . This is because for a fixed partonic energy, larger n B implies a smaller amount of energy available to be shared among the primary particles (i.e. anti-fermions, EW gauge bosons). As was the case for N (p T > 100), the distributions are broader and harder at larger collider energies and E thr .
In Fig. 8 and 100 TeV (bottom). The choice of E freeze and E thr and the line-style discriminating different E thr are the same as in Fig. 6 . In sphaleron events, high-p T leptons are produced either primarily from the hard interaction via the operator in Eq. (2.1) or secondarily Figure 7 .
The same as Fig. 6 but with the number of total gauge bosons fixed to n B = 40 (red-solid), 50 (pink-dashed) and 60 (blue-solid) for the 13 TeV LHC. In addition to these, the case n B = 70 (cyan-dashed) is shown for √ s = 27 and 100 TeV. The threshold energy is taken as E thr = 9, 14 and 22 TeV for √ s = 13, 27 and 100 TeV.
from the decay of massive EW bosons. 12 In the top-right plot, we see that the sphaleron events contain at least one isolated lepton with p T > 30 GeV more than half of the time. Unlike the inclusive multiplicity N (p T > 100), N lep depends very weakly on the threshold energy E thr . Comparing these distributions to those with higher collider energies (middleleft and bottom-left plots), we can observe that the number of isolated leptons decreases as the √ s increases. This is, at first glance, counter-intuitive because, as we have seen above, events at a higher energy collider contain more massive EW gauge bosons, and one may expect there will be more leptons coming from decays of those. However, events with a very large number of massive EW bosons typically also end up containing a large number of jets coming from their decays. Consequently, in such a busy environment the lepton isolation criteria are more likely to fail, suppressing the total number of isolated leptons. In the middle-left plot, with √ s = 27 TeV, we also observe that N lep is larger for E thr = 9 TeV than for E thr = 14 TeV. This can also be understood by the same reasoning: the multiplicity of EW gauge bosons is larger in general for higher E thr = 14 and 16 TeV.
One can also notice that the lepton multiplicity is slightly larger for E thr = 18 TeV than for E thr = 14 and 16 TeV in the middle-left and bottom-left plots. This is because the number of EW bosons does not increase much from E thr = 16 to 18 TeV since the multiplicity freezes out at √ŝ = E freeze = 20 TeV. This implies that the leptons are more likely to be accepted for E thr = 18 TeV because they are more energetic on average and are more likely to satisfy the p T cut.
We now turn our attention to the right-hand-side plots of Fig. 8 , in order to discuss the multiplicity of the isolated photons. In sphaleron events, photons can be produced from the primary interaction. Roughly speaking, a neutral SU (2) gauge boson is converted to a photon or a Z-boson with probabilities sin 2 θ W and cos 2 θ W , respectively. Photons may also originate from initial and final state electromagnetic radiation and hadronic decays. As can be seen, the multiplicity distribution of isolated photons is, by coincidence, similar to that of isolated leptons. In general an event contains at least one photon about a half of the time. We see the same tendency as in the case of the leptons: the multiplicity becomes smaller at larger collider energies. This stems from the same fact as for the case of the leptons; i.e. that the isolation criteria are likely to fail due to a busy environment.
In Fig. 9 we show the same N lep and N γ distributions at fixed n B . The same line-styles and colour schemes are used as in Fig. 7 to discriminate the different n B . In these plots we can consistently see that the lepton and photon multiplicities are larger in general for smaller n B . This is in agreement with our expectations of the EW gauge boson multiplicity and the isolation criteria. Unlike the case in Fig. 8 , the multiplicity becomes larger at larger collider energies. This is because, for a fixed n B , the effect of increasing √ s is to make the leptons and photons more energetic on average, which helps in satisfying the p T cut. We note that for the 100 TeV collider with a lower boson multiplicity (n B ∼ 40), the events tend to have many photons. There will be N γ ≥ 2 more than half of the time in this particular case ( √ s = 100 TeV, n B = 40). Exploiting this fact may help to reduce the SM background in future searches.
Projected sensitivities
In the present subsection we estimate the sensitivities of observing sphaleron-induced processes at proton-proton colliders. We consider three cases; the 13 TeV high-luminosity LHC (HL-LHC13), the 27 TeV high-energy LHC (HE-LHC27) and a future 100 TeV circular collider (FCC100). To facilitate the comparison of the capability of each collider, we assume the envisioned integrated luminosity of the HL-LHC13, 3 ab −1 , in all three cases, although future collider experiments will likely collect more data.
Our analysis is inspired by the CMS analysis of Ref. [44] , on searches for sphaleron and mini black hole production in 13 TeV data with L = 36 fb −1 . Following this analysis, we apply cuts on two variables; N (p T > 100) and S 100 T . The former variable is defined as before, as the number of reconstructed objects (jets, isolated leptons and photons) with p T > 100 GeV and the latter variable is the scalar sum of the transverse missing energy ( / E T ) and p T of all reconstructed objects with p T > 100 GeV. Our signal selection It has been reported in the CMS analysis [44] that the SM background is reduced to less than 1 event, with the above HL-LHC13 selection criteria, while the signal efficiency remains greater than 90 % [22] . For the HE-LHC27 and FCC100, we have increased these On the left-hand-side plots, multiplicity distributions have been generated based on the LOME formula, while the boson multiplicity was fixed on the right-hand-side panels. The same line-styles and colour scheme are used to discriminate between the different E thr and n B as in Fig. 6 and Fig. 7 . The N 100 ≥ 11 (15) cut is applied for √ s = 13 (27 and 100) TeV.
requirements upwards. We expect that the SM background for these cases is also reduced to less than 1 event. The impact of the N (p T > 100) cut on the signal efficiency can be deduced from examining the left panel of Fig. 6 and 7 . One can see that signal events are localised above N (p T > 100) 11 Figure 11 .
The cross section for the sphaleron-induced processes as a function of E thr with p sph = 1. The proton-proton collision energy is taken to be 13 TeV (left), 27 TeV (middle) and 100 TeV (right). The leading order CT10 PDF set was used.
In the left-hand side plots, multiplicity distributions are constructed based on the LOME prescription, while the boson multiplicity is fixed in the right-hand-side plots. Before plotting, events are required to satisfy N (p T > 100) ≥ 11 for √ s = 13 TeV and N (p T > 100) ≥ 15 for √ s = 27 and 100 TeV so that the area of the histogram with S 100 T > 4 (7) TeV corresponds the signal efficiency of our event selection. In the top two plots, we see that the signal efficiency for the HL-LHC13 selection is 90 %. In the middle-left and bottom-right plots, one can see that the S 100 T distribution is sensitive to E thr . For √ s = 27
and 100 TeV, the efficiency can be larger than 80 % for E thr 12 TeV. The signal efficiency is still as large as 50% even for E thr ∼ 9 TeV. In the plots on the right-hand side, we see that the S 100 T distribution is not sensitive to n B . This is expected because the variable is defined as the sum of all transverse momenta and, e.g. splitting one particle into two does not change the sum of the p T , as long as all particles are counted correctly.
Our goal is to derive the projected limit on the E thr vs p sph plane. For this purpose, we first calculate the cross section of sphaleron-induced processes in terms of E thr setting p sph = 1. We convolve the partonic cross section defined by Eqs. (2.4) and (2.5) with the PDFs. In particular, the leading order CT10 PDF set is used here [54] . The resulting hadronic cross sections for p sph = 1 are shown in Fig. 11 . We see that the hadronic cross sections are quite large for smaller E sph . At E sph = 9 TeV, we find σ 10, 10 5 and 10 7 fb for √ s = 13, 27 and 100 TeV, respectively. The cross section falls rapidly as E thr increases, but this reduction is faster (slower) for smaller (larger) collider energies. For example, for √ s = 13 TeV, the cross section is reduced to 10 −(4−5) fb at E thr = 12 TeV. On the other hand, for √ s = 100 TeV, the cross section remains as large as 10 5 fb even for E thr = 30
TeV.
With these considerations at hand, we can derive the projected sensitivities. We estimate the signal yield by
2)
where σ is hadronic cross section, is the signal efficiency and L int is the integrated luminosity. Since precise estimation of the multi-particle SM background is theoretically challenging and depends substantially on detector performance, we follow here a simplified approach. We assume that the SM background is well-suppressed below O(1) due to the selection cuts, and we highlight the region between N s = 3 and 10 in the E thr vs p sph plane. We expect that the boundary of this region will roughly correspond to the exclusion and discovery of the sphaleron-induced processes. Fig. 12 shows the sensitivity of the HL-LHC13 (top), HE-LHC27 (middle) and FCC100 (bottom) to the sphaleron-induced processes in the E thr vs p sph plane. On the left-hand side, the boson multiplicity has been generated according to the LOME formula, while on the right-hand side it has been fixed to either n B = 40 or 70. The light red bands in the left-hand-side plots denote the region where the collider is sensitive to the sphaleron processes, N s ∈ (3 − 10). On the right-hand side we show only the boundary of this region, N s = 3, 10, and distinguish different n B with different lines.
First of all, it is clear that the impact of boson multiplicity on the sensitivity is very mild. This is evident by noticing the similarities between left-hand-and right-hand-side plots, as well as between different lines in the right-hand-side plots. There exists only a mild dependence on n B in the region around E thr ∼ 9 TeV for the HE-LHC27 (middle-right plot). This is because the efficiency of the N (p T > 100) ≥ 15 cut differs slightly between n B = 40 and 70, as can be seen in the middle-left plot in Fig. 6 .
In the top two plots, one can see that HL-LHC13 can probe values of p sph up to ∼ 10 −4 for E thr ∼ 9 TeV. It is interesting to note that recent studies estimated the threshold energy to lie around this scale [14, 15] . The high-luminosity LHC will therefore provide a meaningful constraint on this type of estimation. In the middle two plots, we see that the reach of HE-LHC27 (middle plots) performs much better than HL-LHC13. In particular, one can exclude p sph 10 −3 at E thr 20 TeV. In fact, some studies have suggested that E thr may be around 20 TeV [12, 13] , and therefore the HE-LHC27 will be capable of providing important information on the rate of sphaleron processes up to this limit. Finally we turn our attention to the bottom plots, showing the results for the FCC100. The reach of this collider is much higher, probing e.g. values of the parameter p sph 10 −9 even up to threshold scales of E thr ∼ 22 TeV. Therefore, a 100 TeV collider would provide a strong constraint to the rate of EW sphaleron processes in the SM.
Conclusions
We have developed a modern event generator that models sphaleron-induced processes within the Herwig general-purpose Monte Carlo framework. 13 This event generator captures the gross theoretical features of these baryon-and lepton-number-violating processes, inspired by theoretical considerations of the fermionic (flavour) and bosonic content of the final states. We have employed this development to perform phenomenological studies at hadron colliders such as the LHC (13 TeV), as well as a high-energy upgrade (27 TeV) and at the Future Circular Collider (100 TeV). We have examined various relevant reconstructed distributions, describing in detail their behaviour with respect to variations of the model parameters. Our analysis demonstrates that for a wide range of the parameters of the model considered, all three colliders will provide meaningful constraints on the rates of baryon-and lepton-number violating processes at various energy scales with 3 ab −1 of integrated luminosity. In particular, through the p sph parameter, appearing in the parametrisation of the cross sections of Eqs. 2.4 and 2.5, the HL-LHC at 13 TeV can constrain p sph up to ∼ 10 −4 for a threshold scale of 9 TeV, the HE-LHC at 27 TeV could provide p sph 10 −3 at E thr 20 TeV and the FCC-hh at 100 TeV could probe values of this parameter p sph 10 −9 up to threshold scales of E thr ∼ 22 TeV. Given these limits, our study motivates the inclusion of the study of sphaleron-induced processes in current or future collider programmes; it is quite likely that such an endeavour will illuminate the observed matter-anti-matter asymmetry of the Universe.
